10.2 Calculus with Parametric Curves

In this section we will use parametric equations to solve problems involving tangents, area, arc length and
surface areas.

e Tangents:
Since parametric equations express a relationship between the variables x and y, it makes sense to ask about

. .od . : :
the derivative, d—z, at a certain point on the parametric curve.

dy . . . .
If we know how to compute d—z, it can be used to determine slopes of lines tangent to the parametric curves.

Suppose f and g are differentiable functions and we want to find the tangent line at a point on the parametric
curve x = f(t), y = g(t), where y is also a differentiable function of x. Then the chain rule gives:

dy dy dx
dt dx dt
If % # 0, we can solve for %. Using algebra, we can rewrite the above equation as
dy _dt . dx s
axdx @
L dt
In other words, s
dy _g'® .,
.

Example: Find Z—z for the following curves. Interpret the result and determine the points (if any) at which

the curve has a horizontal or vertical tangent line.
Ax=ft)=t y=gt)=2vVt, fort =0

1
d '@ Vi 1
cd =g’_() = ﬁ=—,providedt 0
d«  fi@®) 1 it
e Notice that Z—i cannot equal O for t > 0. Therefore, the curve has no horizontal tangent lines.
e Also,ast— 0%, % — oo which means that the curve has a vertical tangent line at (0, 0).

e Ifwe eliminate t from the parametric equations we get y = 2+/x. See the graph below
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e Now if we want to find the slopes of tangent lines at other points on the curve, we simply
substitute the corresponding values of t. For example, the point (1, 2) corresponds to t=1 and

the slope of the tangent line at that point is \/ii =1
b) x = f(t) = 4cos(t), y=g(t)=16sin(t) for0<t<2m
dy _ g'(t) 16cos(t)
dx f'(t) —4sin(t)
o Att =0,m, 2m, cot(t) is undefined. Notice that

= —4 cot(t)

dy . dy .
tl_l)r&a tll)rgl+(—4 cot(t)) = —o and llrgl_a tl_l)rgl_(—él cot(t)) = oo

Therefore, a vertical tangent line occurs at points corresponding to t =0, .

Whent=10 Whent==
X= 4COS(0) =4 X = 4-(:05(1'[) =-
(4,0) (-4,0)
y = 16sin(0) = o’ y = 16sin(m) = 0 —7
o Att=- cot(t) = 0. Therefore, a horizontal tangent line occurs at points corresponding to

t =2 and —.
2 2

Whent=§ Whent=37"
3
X = 4cos(%) =0 x=4cos(—) =0
2 2 \
(0,16) (0,-16)
y =16sin(3) = 16 7 y =16sin(5) =-16 —

e Justlike the last example, slopes of tangent lines at other points on the curve are found by

substituting their corresponding values of t. | 2
0,16
¢ Eliminating the variable t, we get: ( )
2 2
x

A
16 256

... which is an ellipse. See the graph at the right.
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e Areas

We know that the area under the curve y =f(x) from [a, b]is A = f;f(x)dx, where f(x) > 0. If the

curve is traced out once by the parametric equations x = f(t) and y = g(t), a < t < 8, then we can

calculate an area formula by using the substitution rule for definite integrals.

b B a
a=[yax = [gormac or|[gwrwar
a a B
Example: Find the area under the curve when x = f(t) = 4cos(t),y = g(t) = 16sin(t), for0<t<m
Using the substitution rule: g(t) = 16sin(t), f'(t) = —4 sin(t)/ 1_%5(2”

T s

A= f 16 sin(t) - —4 sin(t)dt = —64[ sin?(t)dt = —%f(l — cos(2t)) dt
0 0 0

= —-32 [t — %sin(Zt)]: = —32 [(TL’ - %sin(Zﬂ)) — <0 — %sin(O))] = —-321

Since we know that the area is above the x - axis, therefore the area is 32m. This is a case where we

would reverse the a and 8
0 0

A=— f 16 sin(t) - —4sin(t) dt = —(—32) j 1 — cos(2t)dt ---32m

A

e ArcLength

From previous sections, we have that the arc length L of a curve C from [a, b], assuming y = f(x) and f ‘(x)

is continuous, is

b 2
L= f 1+ (ﬂ> dx
B dx
a
If the curve C can be described by parametric equations x = f(t) and y = g(t), a <t < 8, where

o — f'(t) > 0. Using the formula above, we obtain:

at
2
b 2 B /dy/dt\
dy dx
sz 1+<—> dxzf 1+ — dt
dx dx/ dt
a a dt
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a dt

a

If x = f(t) and y = g(t) then % = f'(t) and % = g'(t) then we can say the arc length is

B
L= [JT@F+ @OF a

Theorem: If a curve C is described by the parametric equations x = f(t) andy = g(t), a < t < B, where f’
and g’ are continuous on [a, b], and C is traversed exactly once as t increases from a to , then the length of

Cis

o= ICECE
dt dt
a
Example: Find the exactlength of the curve. x =1+ 3t%, y=4+2t3, 0<t<1
dx dy

— =6t, — = 6t>
dt dt

1 1 1 1
L= f J(68)% + (6t2)2dt = f\/36t2 + 36t4dt = f,/36t2(1 Ft2)dt = 6[ J1+t2-tdt
0 0 0 0

Using u - substitution, let u = 1+t2 then du = 2tdt — %du =tdt whent=0->u=1,whent=1-u=2

2 2
1 1 2 3712 2713 3
L=6f\/ﬂzdu=3fu§du=3[§u§] =3-§[2§—1z] =2[2v2-1] = 4v2-2
1
1 1

e Surface Area

The surface area equation is given by:

B 2 2
s=[2ny (&) +(G) @
=) 2Ty \ae dt

a




Assuming that x and y represent parametric equations and the curve is rotated about the x - axis.
Example: Find the exact area of the surface area generated by rotating the given curve about the x - axis.

x=t3 y=t? 0<st<1

1 1 1
S = f 2m - t2/(3t2)2 + (2t)2dt = 2nf t2/9t4 + 4t2 dt = an t2/t2(9t2 + 4) dt
0 0 0

=27Tft2-t Ot2 + 4 dt

(Letu =9t + 4 and t? =uT_4 du=18tdt—>1idu=tdtwhent=0—>u=4,whent=1—>u=13

13 . ) 13
u_
—271[( 5 )\/ﬂ-l—Sdu— e 9 —f u2—4u2)d
4
s 83" [ lgeb 494 128
— — 2 .. =
81[5“ uL (lots of algebra) = 1215( V13 + )

Example: Find the surface area generated by rotating the given curve about the y - axis.

t
x=elt—t, y = 4ez, 0<t<1
dx d t
Gl g e

Since we are rotating about the y - axis the surface area formula is: (because the x function is now the

radius)

B 2 2
5= [2mex |(55) +(5)) ae
N T X \de dt

a

1

£ 2

S = f 2m(et — t)\/(et —-1)?2 + (Ze§> dt (simplify under the radical)

0
1 1

= 2ﬂf(et —t)\/e2t — 2et + 1+ detdt = 2nf(et —t)y/(e?t +2et + 1) dt
0 0

1
= an(et —t)J (et +1)2dt = an(et —t)(et +1)dt = Zﬂf(EZt +et —tet —t)dt
0 0 0

Now integrate each term. First term use u - substitution, the third term use integration by parts.

=2n[;e +et —(t—1)et ——t]

S =mn(e?+2e—6)



